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Abstract

Objectives. To develop and test a method for solving the inverse problem of chemical kinetics for estimating the frequencies of elementary
stages of complex chemical reactions occurring in a chaotic regime.

Methods. The method is based on the representation of nonstationary experimental data on reagent concentrations and the rates of their
change in the form of a matrix of a particular structure.

Results. The effectiveness of the method is demonstrated by examples of reactions proceeding according to stage schemes similar to the
Willamowski—Rossler mechanism, characterized by undamped aperiodic oscillations.

Conclusions. The method allows the frequencies of stages for reactions proceeding according to mechanisms with non-monotonic
dynamics of any complexity to be determined with high accuracy.
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AHHOTaUuS

CTAX UX UBMCHCHUA B BUJIC MAaTPHUIIbL CIIeIUAIEHON CTPYKTYPBI.

HOTOHHOM JMHAMHUKON JTH000H CII0KHOCTH.

KniouyeBbie cnoea

HECTAIlMOHAPHBIC DKCIICPUMCHTAJIbHBIC JaHHBIC,
KOHIICHTPAIlNX PCarcHTOB U CKOPOCTH UX U3MECHCHUA

Anga uMTupoBaHus

06paTHa;1 3a7a9a XUMHYECKOH KMHCTHUKH, XaOTHYCCKasA AMHAMHKa,

He.Jm. Pa3pa60TKa u anpoGauHﬂ METOZa peHICHUsL O6paTHOfI 3a1a4un XUMUYECKON KMHETUKH TI0 OI[EHKE YaCTOT SJIEMCHTAPHBIX CTaZ[I/Iﬁ
CJIOKHBIX XUMHWYECCKHUX peaKL[PIﬁ, HNPOTEKAIINX B XaOTHUYICCKOM PEIKUME.

MeToabl. MeTog OCHOBAH Ha MPEACTABIICHUN HECTAIMOHAPHBIX SKCIIEPUMEHTAJIbHBIX NAHHBIX O KOHHEHTPAUAX PearcHTOB U CKOPO-

Pe3yabrarsl. Oh(heKTHBHOCTH METOA MOKa3aHA HAa MPUMepax Peaknuii, MPOTEKAIONIHNX 110 CTaJUHHBIM CXeMaM, aHAIOTHIHBIM MeXa-
HU3My Bumamoscku—Pocciepa, 1 XapakTepHu3yomuxcs He3aTyXaloIIMI allepUOANIECKIMH KOIeOaHNIMU.

BeiBoabl. MeToz NO3BOISIET C BHICOKOW TOUHOCTBIO ONPEAEIUTh YaCTOThI CTAAUH U1 peaKLni, MIPOTEKAIOIIMX [0 MEXaHU3MaM C HEMO-
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INTRODUCTION

Currently, there exist a number of methods for solving
the inverse problem (IP) of chemical kinetics based on
nonstationary data for chemical reactions proceeding in
a monotonic mode [1-3]. However, methods for solving
the IP for chemical reactions with non-monotonic
behavior, such as critical phenomena in particular, have
not been studied in practice [4, 5]. Itis also known that the
IP is incorrect, and its solution is usually ambiguous [6].
Possible approaches to overcoming these difficulties and
improving the accuracy of the IP solution were presented
in [7—-11]. The study [12] considered an IP solution for
the Gray—Scott self-oscillating reaction [13] based on
experimental amplitude—frequency characteristics. The
authors in [14] developed an alternative method for
solving the IP for the same reaction and demonstrated that
the use of nonstationary values of reagent concentrations
and their rates of change allows the uniqueness and
accuracy of the solution to be increased.

The earliest examples of chemical reactions whose
dynamic models describe chaotic oscillations within
the framework of the law of active masses (LAM)

were demonstrated by Rossler [15]. Among them, the
Willamowski—Rossler mechanism was the simplest
[16-18]. In these works, the kinetic parameters of
stage diagrams were determined numerically based on
the conditions of instability of solutions of ordinary
differential equations (ODEs) describing nonstationary
models of the corresponding reactions and known
criteria of chaos in dynamic systems (Lyapunov
exponents, etc.) [19-20].

In this article, we present a method for solving the
IP for chemical reactions with unpredictable chaotic
dynamics based on data on reagent concentrations and
their rates of change.

EXPERIMENTAL

The mechanism of a complex chemical reaction is
described by a set of elementary stages

Zb+ikAk +Za+inj © Za_inj +beikAk’

i=1,..,8j=1,...,n

(M

wherein b, a 4 are the stoichiometric coefficients
of reagents A, and X, respectively, in the forward

532 Tonkie Khimicheskie Tekhnologii = Fine Chemical Technologies. 2025;20(6):531-539


mailto:fvh@inbox.ru
https://doi.org/10.32362/2410-6593-2025-20-6-531-539

Solution of the inverse problem
for chemical reactions with chaotic dynamics

Boris V. Alekseev,
Vladislav Kh. Fedotov, Nikolay I. Kol’tsov

and reverse directions of stage i. Let A, be reagents
whose concentrations remain virtually unchanged
during the reaction (referred to as non-key, slow
reagents in terms of the Bodenstein—Semenov quasi-
stationarity principle [21]); X; are the key reagents
whose concentrations change during the reaction
(essential reagents in terms of A.M. Zhabotinsky [22]).
The dynamics of such a reaction in an isothermal zero-
gradient reactor, according to LAM, is described by the
ODE system [1]:

r_ _ atij a—ij
X; _Z(a—ij a+l-j)(wil_ljxj w_il_ljxj ),

J=1...,n, ()

wherein X;= xj(t) are the concentrations of key reagents X;
(dimensionless, dim.); ¢ is time (s); xj(to) = ij are the
initial conditions (i.c.); f is the initial moment of time (s);
w; = k11 kAg*’k s ow =k I kAg_’k are the frequencies
of forward and reverse stages, including concentration
multipliers of non-key reagents (s™'); k;, k_; are the
constants of stage velocities in the forward and reverse
directions (s ).

In the presence of experimental data on concentrations
and rates of change of reagent concentrations, system (2)
is a linear system of algebraic equations with respect to
stage frequencies, which can be written as

v =Z(a_l.j _a+ij)(wirzj —w_rg).j =1, 3)

wherein v; are the rates of change in the concentrations
of key reagents; Fip Iy are the monomials of the stage
rates, i.e., the stage rates at single values of the stage
frequencies. Dividing the right-hand side of system (3)
into monomials and frequencies is convenient, since
the numerical values of the monomials are known from
the experiment at each time point (they are equal to the
product of the concentrations of key reagents), and the
values of the frequencies of the stages are the desired
parameters of the IP.

System (3) typically includes identical stage velocity
monomials with different stage frequency values. Let us
combine such monomials (bring similar ones together)
and write down system (3) modified in this way in
a concise (matrix) form

v=Rw, (3*)

wherein R is the matrix of various monomials of
velocities (after reduction of similar ones), w is a vector
of stage frequencies.

The best solution to such a system is provided by
methods for minimizing the error function f{w) (penalty
function), e.g. , in the form of a sum of squared deviations

f(w)=Rw-v)T(Rw-v), 4)

wherein T is the transpose sign. This solution can be
written using the pseudo-inverse matrix R* [23]:

w=R"v. ®)

In a special case when the original matrix R is square
and non-degenerate, the pseudo-inverse matrix coincides
with the inverse R" = R™!. In the general case, when
the number of experimental points is not equal to the
number of desired stage frequencies, the matrix R has
an incomplete rank. Then, if the product of the matrices
RTR is not degenerate, then

R* =(RTR)"IRT, (6)

wherein RT is the transposed matrix. If the product RT
R has an incomplete rank, then

R* = lim (RTR +8E)"'RT, (7)
5—0

wherein E is the identity matrix. Calculations performed
in computer algebra systems [3, 24] have shown the
insufficiency of formula (6) to determine the frequencies
of the stages.

For comparison, we also use the penalty function,
i.e., the maximum of deviation modules.

f(w) =max(abs(Rw —v)). ®)

Function (8) is a composition of functions max and
abs, having kinks, and its analysis is more complicated
than the analysis of function (4). The minimum
of function (8) can be found by dividing the entire space
of possible values of the vector w into regions
of smoothness (8), finding the minimum in each of these
regions and then selecting the global minimum from
these local minima. Obviously, the minimum points
of functions (4) and (8) are different, and these minima
correspond to different values of the vector w.

RESULTS AND DISCUSSION

Let us apply the method described above to
reactions proceeding according to stepwise schemes
similar to the Willamowski—Rossler mechanism,
characterized by continuous aperiodic (chaotic)
oscillations [15-18, 25, 26].

Example 1. Let us consider the homogeneous
reaction A + 2B — C + D proceeding according to the
scheme [25]:

DA+X<2X,2)B+X+Y - 2Y +A, O
3)Z+Y—>D,4)A+B>Z+C. (1.0

wherein A, B, C, and D are the non-key reagents (can be
any); X, Y, and Z are the key reagents. According to this
scheme, the reaction CO +2NO — N, O + CO, can occur:
1) CO + CO* <> 2CO*,

2) NO + CO* + NO* — 2NO* + CO, (1.2)
3) N*+NO* - N,0, 4) CO + NO — N* + CO,.
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An unsteady kinetic model of reactions proceeding
according to schemes (1.1) and (1.2), under the

assumption of quasi-stationarity for non-key reagents, is
described by

r_ _ 2
X' = WX — W X5 — WXy,

y'=wyxy —wyyz,
Z'=-wyyz +wy,,

(1.3)

wherein w;, w_; are the frequencies of steps in the forward
and reverse directions, including the concentrations
of non-key reagents; x, y, and z are the concentrations
of key reagents X, Y, and Z. It was shown in [25] that
system (1.3) exhibits chaotic oscillations at certain values
of the frequencies of stages and current levels (Fig. 1).

The concentrations of key reagents and their rates of
change, selected for calculations at certain time points
from dependencies x(¢), y(¢), z(f) (Fig. 1), are shown
in Table 1.

Equations (1.3) contain five different monomials
of velocities 1, x, x2, xy, yz. They form a matrix R of
size 5 x 3n, made up of triples of rows [0, x, —x2, —xy, 0],
[0, 0, 0, xy, —yz], and [1, 0, 0, 0, —yz] for reagents X, Y,
and Z, respectively, calculated for each experiment. The
results of the IP solution for two variants of the penalty
function (4) and (8) are given in Table 2.

It can be seen from Table 2 that the errors in
determining the frequency of stages by the method
described above are small for both methods of selecting
the penalty function.

4.0

3.5

3.0

2.5

2.0

1.5

|
|
|
|

J

/

|
1.0 [\
0
0

10

20 30

40

80 90 100

Fig. 1. Dependencies x(), y(¢), z(¢) in the reaction
A+ 2B — C + D described by model (1.3)
atw, =3, w_ =075 w,=18, w; =10, w, =1 s,
andx,=0.1,y,=0.2,2z,=0.3

Table 1. Concentrations of reagents and rates of their change* in the reaction A + 2B — C + D, proceeding according to scheme (1.1)
atw; =3, w_ =075, w, =18, w3 =10, w, = 1, 5!

ts 0 5 10 15 20 25
X, a.u 0.1000 0.2480 0.1663 1.3908 3.0491 0.0127
y,au 0.2000 1.0100 0.4738 0.0000 0.0000 0.0009
z,a.u 0.3000 0.5827 0.6112 2.2368 3.3339 1.0031
X, 57! —0.0675 —3.8114 —0.9403 2.7217 2.1732 0.0376
Y, 5! —0.2400 —1.3758 —1.4775 0.0000 0.0006 —0.0088
2, 57! 0.4000 —4.8852 —1.8960 1.0000 0.9991 0.9910
* The rates of change of reagent concentrations x', y', z' are calculated using equations (1.3).
Table 2. Accuracy of the IP solution for reaction (1.1) depending on the penalty function
Stage frequencies wy, s Wy, s Wy, 1 wy, s w_p,s !
Penalty function
The exact value 3.00 18.00 10.00 1.00 0.75
Estimated value 3.0008 18.0031 9.9998 0.9998 0.7504
@ Error rate, % 0.0267 0.0172 0.0020 0.0200 0.0533
Estimated value 3.0004 18.0029 9.9989 0.9994 0.7503
® Error rate, % 0.0133 0.0161 0.0110 0.0600 0.0400
534 Tonkie Khimicheskie Tekhnologii = Fine Chemical Technologies. 2025;20(6):531-539
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Example 2. Let us consider the heterogenecous
catalytic reaction of 2NO + CO — N, O + CO,, occurring
on platinum metals according to the step scheme [26]:

1) CO +Q + QCO «> 2QCO,
2) NO +QCO + QN — 2QN + CO,,
3) QNO + QN — 2Q + N,0, 4) NO + Q - QNO,

2.1)

wherein the key reagents are QCO, QN, and QNO are the
catalyst surface centers occupied by carbon monoxide
and nitrogen, and Q are free catalyst centers. Briefly,
without the non-key reagents NO, CO, N,0, and CO,,
scheme (2.1) takes the form

HQ+Xo2X,2) X +Y > 2Y,

3)Z+Y —>2Q,4)Q—Z, (2:2)
for which the kinetic model (2) can be written as:
x'=wxq — w_1x2 — W)Xy,

V' =wyxy —wyyz, (2.3)

Z'=-wyyz + wyq,

whereinx, y, z, and g are the dimensionless concentrations
of key substances QCO = X, QN =Y, QNO = Z and
free centers Q on the surface of the catalyst, with
x+y+z+q=1(thelaw of conservation ofthe catalyst). It
should be noted that the concentrations of key substances
and free centers on the surface of the catalyst cannot be
measured even by modern physicochemical research
methods. It was shown in [26] that the ODE system (2.3)
describes chaotic oscillations at certain values of the
frequencies of stages and initial conditions (Fig. 2).

0.7

0.3

0.2

0.1 +

0 VUMY

10 15 20 25
ts

(=)
W

Fig. 2. Dependencies x(t), y(¢), z(¢) in reaction

of interaction of nitrogen and carbon monoxides described
by model (2.3) at w, = 50, w, = 200, w; = 100,

wy=w =1 sfl,x0=y0=zo= 0.1

The values of reagent concentrations and their rates
of change, selected for calculations at certain time points
from dependencies x(7), y(?), z(¢) (Fig. 2), are shown
in Table 3.

Equations (2.3) contain five different monomials of
velocities xq, xy, vz, ¢, x°. They form a matrix R of size
5 x 3n, composed of triples of rows [xg, —xy, 0, 0, —x7],
[0, xy,—yz, 0, 0], and [0, 0, )z, g, 0] for reagents X, Y, and Z,
respectively, calculated for each experiment. The IP solution
for penalty functions (4) and (8) are given in Table 4.

Table 3. Concentrations of reagents and rates of their change in the reaction of interaction of nitrogen and carbon monoxides,
proceeding according to mechanism (2.1) at w; = 50, w, = 200, w; = 100, wy,=w_, = 1 57!

ts 0 1 2 3 4 5
X, a.u 0.1000 0.0000 0.3869 0.4011 0.0000 0.0002
y,au 0.1000 0.3701 0.1965 0.0047 0.0044 0.0640
z,a.u. 0.1000 0.0156 0.2543 0.2714 0.1935 0.0787
X, s 1.4900 —0.0001 —12.2097 5.9310 0.0018 0.0057
¥, st 1.0000 —0.5788 10.2050 0.2518 —0.0853 —-0.5017
2,5 —0.3000 0.0353 —4.8335 0.1940 0.7167 0.3530

Table 4. Dependence of the IP solution accuracy on the choice of the penalty function for the reaction of interaction of nitrogen

and carbon monoxides, proceeding according to scheme (2.1)

Stage frequencies wy,s ! W,, 7! Wy, s w,, st w8
Penalty function
The exact value 50.00 200 100 1 1

Estimated value 49.9728 199.9172 99.9609 1.0020 0.9986

4)
Error rate, % 0.0544 0.0414 0.0391 0.2000 0.1400
Estimated value 49.9533 199.9042 99.9130 1.0085 0.9953

(3)
Error rate, % 0.0934 0.0479 0.0870 0.8500 0.4700
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It can be seen from Table 4 that the errors in
determining the stage frequencies for both variants of
penalty functions (4) and (8) are quite small. The found
values of the stage frequencies for different penalty
functions are almost the same.

CONCLUSIONS

A method for solving the inverse kinetic problem for
reactions proceeding by mechanisms with chaotic
dynamics is proposed. This method is based on the
use of experimentally measured values of reagent
concentrations and their rates of change. The proposed
approach differs from the previously known methods in
the isolation of different stage velocity monomials and
the method of forming the experimental data matrix.
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