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Abstract

Objectives. This study mathematically describes the mutual influence of micro- and macrostages
of the process of destruction of polymer materials and determines its main parameters and
limiting characteristics. In addition, a relationship is established between molecular constants
characterizing the structure of a material and those characterizing its macroscopic characteristics
of strength. Finally, theoretical representations of the thermokinetics of the process of thermal
destruction of polymer fibers from the standpoint of the kinetic thermofluctuation concept are
developed, which makes it possible to predict the thermal durability of a sample under thermal
loading.

Methods. The structural-kinetic thermofluctuation theory was used to describe the initial stages
of the fracture process and to derive a generalized formula for the rate of crack growth. The
mathematical theory of cracks is used to describe the thermally stressed state of a material in
the vicinity of an internal circular crack under mechanical and thermal loadings of the sample.
Results. A theoretical formula for the full isotherm of durability in the range of mechanical
stresses from safe to critical, as well as a theoretical relationship for the time dependence of the
strength of polymer fibers under purely thermal loading in the full range of heat loads from safe to
critical and at the stage of nonthermal crack growth, is given. The main parameters and limiting
characteristics of durability under thermal loading are also indicated.
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Conclusions. A generalized structural-kinetic theory of the fracture of polymer fibers under
purely thermal action on cracked specimens is presented. The developed theory combines
three independent approaches: structural-kinetic (thermofluctuation theory), mechanical, and
thermodynamic. The obtained theoretical relations are of practical interest for the development of
methods for localization, intensification, and control of the crack growth kinetics.
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AHHOMauus

IMenu. Mamemamuuecku onucame 83AUMHOE 8AUSHUE MUKPO- U maKpocmaduill npoyecca pas-
PYUWeHUsL NONTUMEPHBIX MAMepuatos, onpedeiums e20 OCHO8Hble napamempol U npeoesbHble
Xxapaxmepucmuru, YcmaHo8ums C8513b MeXK0Y MONEKYNAPHbIMU KOHCMAHMAMU, XapaKmepu-
3YUUMU CMPYKMYPY MAMEPUANA C 00HOTL CMOPOHbBL U MAKPOCKONUUECKUMU XAPpaAKmMepucmu-
Kamu npouHocmu ¢ opyzoti. Paspabomams meopemuueckue npedcmasaeHusi mepmoKuHemuKu
npoyecca mensiogozo paspyuleHust NOJUMEPHBLIX B0JI0KOH C NO3UYUUL KUHemuueckoil mepmo-
PAYKMYAYUOHHOT KOHUENYUU, No38oastoujeli NpozHO3UPO8aMb mepMuUecKyro 0071208€eUHOCMb
obpasuya npu e2o menio8om HaZpYieHuuU.

Memooewl. FHcnonw3o8aHa cCmpyKmypHO-KUHEMUUECKas: MepMOPAYKMYAUUOHHASL Meopust ONst
ONUCAHUSL 3/IeMEeHMAPHO20 AKMa npoyecca paspyuleHus U 8oleo0a 0606w eHHOT popmYyibl CKO-
pocmu pocma mpeujuHsbl U MAMeMAmuUecKast meopust mpewuHr Ok ONUCAHUSL MEePMOHANDSL-
JKEHHO020 COCMOSIHUSL MAMEPUANA 8 OKPECMHOCMU 8HYMpeHHell KpYy2080U mMpeujuHsl npu mexa-
HUUECKOM U Menio8oMm HazpyrKeHusx obpasua.

Pesynomameut. [Ipusodumcess meopemuueckas popMyaa nOAHOU usomepmsl 007208eUHOCMU 8
uHmMepsaie MexaHuuecKux HanpsaxKeHuil om 6e3onacHozo 00 Kpumuueckozo, a makske meope-
muuecKkoe coomHouleHue 05l 8peMeHHOU 3a8UCUMOCMU NPOUHOCMU NOJIUMEPHBLX 80JIOKOH NpU
UUCTO MEeNnyio8OM HAZPYIKEeHUU 8 NOJHOM UHMepesasle mensosulx Hazpy3ok om be3onacHoli 00
Kpumuueckoil U Ha cmaouu amepmuueckozo pocma mpeuwuHsl. YKasaHbl OCHO8Hble napamempbsl
U npedenvHble XapaKmepucmuku 0071208€UHOCMU NPU MEeN080M HAZPYIKEHUU.

Buleooul. [IpedcmasnieHa 0606ueHHas CMpYKmMypHO-KUHEMUUeCcKas. meopust paspyuleHus no-
JUMEPHBLX 80JIOKOH NPU UUCMO Menyiogom go3deticmauu Ha obpasysl ¢ mpewuroi. Pazsumas
meopust 06 veduHsiem mpu camocmosimesibHblX n00X00a: CMPYKMYpPHO-KUHemuueckuil (mepmo-
PAYKMYAYUOHHASL Meopust), mexaHuueckuil u mepmoouHamuueckuil. [lonyueHHsle meopemuue-
CcKUe COOMHOWEeHUSs. npedcmasasom npakmuueckuil uHmepec ot paspabomru cnocobos soxa-
AU3AYUU, UHMEHCUPUKAYUU U YNPABIEHUSL KUHeMUKOU pocma mpeuiuHasL.
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Knroueewie cnosa: nojsiumepHvle 80J/10KHA, 8pemMeHHAasl 3a8UCUMOCmsb NpouUHoCcmMu, mernjiossole
Haepy3Ku, 00./1208€UHOCMb npu menJjioeom paspyuleHuu

Jna yumuposanua: Kapramos 3.M. TersoBoe paspylieHHE NOJIMMEPHBIX BOJOKOH B TEOPUM BPEMEHHOW 3aBHCHMOCTH
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One of the fundamental characteristics of
polymer materials is their strength. Even in cases
where other properties of polymers are directly used
(e.g., optical, electrical, thermal, and magnetic), the
material must have a certain minimum strength. In
this regard, theoretical methods for assessing the
strength of polymers without lengthy laboratory tests
are of great importance. This problem is one of the
most urgent challenges in the physics and mechanics
of polymer strength, both in practical and scientific
terms. Its solution is complicated by the need to
consider the effect of various operational factors on
the strength of polymers, especially when they act
together. An important step in this direction is the
construction of appropriate generalized models that
allow describing the behavior of materials in a wide
range of external influences. However, the general
methodology for constructing such models is still far
from complete, primarily to models describing the
processes of thermal destruction of materials caused
by the interaction of intense heat fluxes with solids.
The direction of research is the content of the problem
of thermal strength, whose relevance has grown
especially in recent decades in connection with the
creation of powerful energy emitters and their use in
technological operations. New technological methods
in various industries are based on intensive heating of
materials by plasma flows, laser, or electron beams.

A huge number of publications have been
accumulated describing these processes in nuclear
power engineering, aircraft and rocket engineering,
space technology, turbine engineering, and others
[1-6]. The intensive development in these areas, as
well as in microelectronics and electrical engineering,
required the creation of structural especially polymer
materials that are characterized by thermal shock
resistance and thermal strength [7—11]. The issues
of thermal destruction of materials have become
especially relevant in connection with the practical
requirements of modern technology [12—14].

Many aspects of this problem have been
theoretically and experimentally developed [15-17].
At the same time, the issues of thermokinetics of
the process of destruction of materials, especially
polymer fibers, under purely thermal loading have
not yet been sufficiently developed in the theory
of thermal destruction from the standpoint of the
kinetic theory within the framework of the time
dependence of strength [18]. This article is devoted
to the construction of this theory for polymer fibers
and continues the research begun in [19] and [20].
The proposed theory combines three independent
approaches, namely, structural-kinetic, mechanical,
and thermodynamic, within the framework of
mathematical modeling for the study of such complex
phenomena. Of greatest interest are the cases of the
steady-state thermal state 7(x, y, z) in solids with a
crack. Experimental data in [21] indicate that with a
steady-state heat flow in a body with a crack, there is
a significant increase in temperature stresses caused
by a local increase in the value of the temperature
gradient in a small vicinity of the crack fluctuation
volume.

It can be assumed that thermoelastic expansion
fields, like their mechanical analogs, increase the
stress intensity at the crack tip, forcing it to grow.
Experiments confirm this assumption [22]. A polymer
sample in the form of a bar (final solid cylinder) with
an internal disk-shaped axisymmetric crack was
exposed to a heat flow along the sample symmetry axis
orthogonal to the crack. As the sample was heated,
the stress state of the sample changed: the stress
concentration increased in the (small) circular vicinity
of the crack, and after a while, the sample collapsed.
Since the mechanical load remained unchanged during
the experiment, the factor determining the fracture was
the thermoelastic field. Thus, this case is of particular
interest for the theory of thermal destruction from the
standpoint of the kinetic thermofluctuation concept:
it is necessary to describe the growth of the fracture
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crack and calculate the corresponding durability,
main parameters, and limiting characteristics of the
thermal destruction process, depending on the type of
thermal load, physicomechanical, and thermophysical
characteristics of the material and its structure. This is
important in order to develop methods of localization,
intensification, and control of the kinetics of crack
growth. It is obvious that knowledge, prevention, and
control of this kind of process is an urgent task of
materials science.

The corresponding model concepts are based
on experimental data [18, 20] obtained on the basis
of direct physical methods on the accumulation of
violations in loaded samples (i.e., force perturbation
and rupture of bonds in polymers), on submicroscopic
cracks and their characteristics, on fractographic
studies of rupture surface, on the kinetics of the growth
of the main crack when the specimen is stretched with
a uniform stress ¢ = const, and on temperature—time
dependence of durability in the full range of stresses
o,< 6 <o from safe to critical.

MAIN APPROACHES IN STUDYING
THE STRENGTH OF SOLIDS

To date, studies of the problem of brittle fracture
of solids (in particular, polymer materials) are
developing in two main directions: mechanical and
kinetic approaches. The first direction is associated
with calculating the strength of defective bodies by
methods of fracture mechanics. It is based on the
difference between theoretical and real values of
strength, which is interpreted in terms of the classical
elastic model of Griffith [23]. The mechanical
approach uses the concept of a limiting state as a
fracture criterion, upon reaching which fracture
occurs. The second direction is associated with
the development of the kinetic thermofluctuation
concept based on the ideas of Frenkel [24] on thermal
motion in solids. In the kinetic approach, main
attention is paid to the atomic—molecular process of
destruction, and the rupture is considered as the result
of the gradual development and accumulation of
microdestructions or as the process of development
of a microcrack. In this concept, the durability of the
body under load is taken as a fundamental quantity
that determines the strength and is the basis for the
kinetic thermofluctuation theory of fracture, which
finds its natural expression in the equations of the time
dependence of strength t = (o, 7) [19]. Both aspects
should be included in a complete description of the
polymer degradation process in order to construct
a generalized theory of strength that considers the
structural features of polymer materials. The first
results in this direction are presented in an author’s
survey [21] and in a book [20].

The urgent need for generalized approaches to
solve the problem of the strength of solids is now
generally recognized. According to the authors [18]:
“For further progress in the theory of fracture, it is
necessary to develop both physical research and
phenomenological, mechanical theories of fracture.
The connection between both approaches can be seen
primarily in the further development of the concept
of damage accumulation at different levels (from the
molecular level to the propagation of main cracks).
It is necessary to compare the fracture models with
the results of direct experiments, where the damage
parameters are directly measured.”

Temperature—time dependence of strength

A characteristic feature of the durability
depending on lgt (o, 7) at different temperatures
is the presence of a linear section described by the
Zhurkov equation [18]:

T= g exp(2 1) (1)

where 1, U, and y are material constants, which can be
considered constant in a certain range of stresses and
temperatures, corresponding to a certain mechanism
of destruction [20, 25]. Equation (1) has certain limits
of applicability. The lower limit of its applicability
is the safe stress, and the upper (maximum) limit is
the critical stress o . Experiments have confirmed
the existence of safe and critical voltages. Thus, in
the region of small values of ¢ for the brittle state,
where deformation processes in polymers are weakly
expressed, a deviation of the dependence lgt (o, 7)
from linear is observed and a sharp rise in the life
curve occurs. The curve asymptotically approaches
the vertical 6 = o

lim,,  1g1(c,T) =+, (2)

corresponding to the safe stress o,. In quasi-brittle
fracture, the deflection is smoother, which is
associated with the relaxation properties of polymers;
however, in this case, condition (2) also holds.
According to the authors of [26], there is a certain
limit for solids, below which, in the absence of
aggressive media, destruction does not occur. In the
region of high stress intensity (¢ > o), a transition to
the limiting value t_ is also experimentally observed,
associated with the existence of the maximum growth
rate of the fracture crack v_. Thus, Kerkhoff [27]
showed the tendency of the fracture crack velocity
in the region of high stresses to the value v = const.
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Experiments carried out on glass and rosin [28]
showed that v does not depend on temperature and
practically on voltage, indicating that it is a nonthermal
value. With a sample width of L = 3 mm and a value of
v_ = 700-800 m/s characteristic of polymers, the t
value is 107® to 107 s. The existence of a segment
of the curve Igt = const for 6 > 6, was theoretically
predicted in [29] and later experimentally confirmed in
[30]. On the Igt (o, T) graph, this case corresponds
to the bend of the curve toward constant values of
durability, which is associated with the transition to
the nonthermal mechanism of destruction. Analyzing
the state of the matter, the author of [20] comes to
the following conclusion: the dependence lgt (o, T)
has the form shown in Fig. 1. In the range of stresses
(6, ©,), not too close to the safe and critical, the
dependence 1gt (o, T) is linear. In the vicinity of o
and c_, the indicated curve bends to the vertical and
horizontal asymptotes, respectively, based on the
fulfillment of the limit relation (2), as well as on the
following condition:

lim 1(c,T)=1,. 3)

G—>C,

Shown in Fig. 1 is the graphical dependence Igt (o, 7)
in the full range of stresses [c,, c_], which is called
the complete isotherm of durability. The graph shows
four areas of manifestation of the thermofluctuation
mechanism of destruction: I (¢ < 6) and IV (6 = o)
are the boundary areas of the safe and nonthermal
mechanisms, I (6, <o <c_) is the area of pure thermal
fluctuation mechanism, and IIl (o, < 6 < o) is the
transition region, where the nonthermal mechanism
begins to appear.

IgT, s

12 -

8_

-13 N p

Fig. 1. Temperature—time dependence of strength
in the full stress range.

Ideological research scheme

Registration of submicroscopic cracks in real
polymer fibers made it possible to establish their disk-
like shape, their location within the sample volume
perpendicular to the loading axis, and very small sizes of
microcracks (900-3000 A) with a 2R* sample diameter
of several millimeters. It was also established that the
critical crack length R is independent of the sample
cross-section. Thus, for the characteristics of the crack,
there is a very important relation:

A< R, <R{)<R,<R,0<t<t, (4)

where R is the initial radius of the crack, R(?) is the
current value of the radius, 1 is the sample lifetime, and
A is the fluctuation propagation of the crack. A direct
study of the kinetics of the fracture process in each
specific case of loading a polymer sample (e.g., thermal,
mechanical, and electrical) is carried out on the basis
of the analytical formula for the rate of crack growth
as a function of its current radius R(¢), stress field ¢* in
the defect region V (fluctuation volume), temperature
T in the circular vicinity of the crack, and molecular
constants characterizing the polymer structure, as well
as the elementary act of breaking strained bonds:

v=v(R,c",T

B

5I/;iaUa-'~), (5)

where U is the activation energy of the bond-breaking
process in the fluctuation volume. The main problem in
this case is to obtain a specific expression for (5), taking
into account the basic physical laws of the kinetics of
the destruction process, which were experimentally
revealed for this case, and their influence on the
elementary act of destruction in the volume V. Local
stress in (5) ¢° = ¢(o, B, R...) is one of the most
important strength characteristics. The value of ¢
depends on the external stress ¢ applied to the sample,
current radius of the crack R = R(t), geometry of the
sample, configuration of the crack and its location
in the sample, and stress concentration factor .
The value ¢ is calculated by the methods of brittle
fracture mechanics based on the solution of boundary
value problems of the mathematical theory of cracks.
In fact, on the basis of (5), the mutual influence of
the macro- and microstages of the fracture process is
studied. Using (5), the main parameters and limiting
characteristics of the fracture process are determined,
a connection is established between the molecular
constants characterizing the structure of materials
and the macroscopic characteristics of strength, and
finally a methodology for calculating the durability
of a specimen under various test conditions is being
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developed. Thus, within the framework of this
research scheme, three approaches are combined:
structural-kinetic approach (thermal fluctuation
theory for describing the initial stages of the of the
destruction process, which is associated with the
derivation of (5)), mechanical approach (methods of
brittle fracture mechanics for describing local stress
at the crack tip under conditions of a certain specimen
loading mode), and thermodynamic approach (to
calculate the value of the safe voltage).

The durability of the specimen t = (o, T) (T is
the test temperature, which is generally different
from the temperature T, at the crack tip) is the
sum of the times of the rupture process at the first
(fluctuation) stage t(c, 7) when the crack grows
at a rate (5) from the initial radius R to the critical
radius R and the second (nonthermal) stage 6 with
the limiting velocity of fracture propagation in a solid
v, =0.38\/m (Roberts—Wells formula), where E is
Young’s modulus and p is the material density:

S dr R-R,
T=T,+T, = I - + .
v(r,o",T,...) Vv

Ry cr

(6)

STRESS INTENSITY COEFFICIENTS
IN THE REGION OF A CIRCULAR CRACK

Calculation of the magnitude of the local stress
¢ is fundamental in the development of this theory
of fracture. Based on (4), a fiber-like sample is
interpreted as an elastic space (x, y, z) with an internal
circular axisymmetric crack 0 < r < R(7? = x* + )?)
in the plane z = 0. Considering that the fracture of
brittle polymers is localized in a small vicinity of a
crack in the volume (V)), for the mathematical theory
of cracks, it is of interest to study the asymptotic
distribution of stresses near the crack front in a
homogeneous, elastic, and isotropic continuum.
The problem is to find the stress intensity factors
K™ of mechanical and K™ thermal loads in the
asymptotic representation of axial (breaking bond)
stress 6_(r,0)=K(c,R)//2(r —R),r > R from the basic
equations of thermomechanics. It should be noted
that the approach proposed below for finding the
asymptotic solution of the problem is of independent
interest for the mathematical theory of cracks.

In a cylindrical coordinate system (7, ¢, z) under
the conditions of symmetry about the z axis, as well
as symmetry about the plane z = 0, the formulated
problem is reduced to solving a thermoelastic
axisymmetric problem for a half-space z > 0,
consisting of the equilibrium (7), geometrical (8), and
physical (9) equations:

i + rz + P9 — 0
or 0z r ,z>0,r>0 (7)
a(Srz aGzz Grz — 0
or Oz r
oU U ow
€, =—3€,=—3E, =—
" 61” °e r aZ (8)
1 oU ow
8rz = _(_ —
2 0z oOr
Y 1+v )
c,=2G|¢g, + e— a. T
(1-2v) (1-2v)
v 1+v
c =2G|g_+ e— o1
o0 { ® o 1-2v)  (1-2v) " } *r 9)
6, =2G|g_+ LA Iy a. T
(1-2v) (1-2v)
6, =2Geg,_.

Here, G, = cij(r, z), = (5!,/,(}", z) are the components
of the stress tensor and strain tensor (i, j = 7, @, z),
respectively; U = U(r, z) and W = W(r, z) are the
components of the displacement vector in the radial
and axial directions; 7' = T(r, z) is the temperature
function, v is Poisson’s ratio, G is the shear modulus,
a, is the coefficient of linear thermal expansion, and
e is the volumetric deformation:

oU U ow
— =t

e(r,z)= Tt

(10)

The boundary conditions for the problem posed are
as follows:

6..(r,2)|..o=—0. (11)
6,.(r,z)|,,,=0,r>0, (12)
W(r,z)|..,=0, >R, (13)

|GU. (r,2),W(r,2),U(r,2),¢, (r,z)| <o, r20,z20.(14)
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The temperature function included in (5) is a
solution to the heat problem:

2 2
6—7;+18T 8——0 z>0,r>0, (15)

ot ror o7

oT(r,z) 1
— _=—¢q., 0<r<R, 16
o 2=0 A qr r (16)
=0, >R, (17)
_.=0,r>0, 18
o B (18)

where A, is the thermal conductivity of the material
and g, is the value of the heat flux entering the sample
through a unit of area per unit of time. In (15)—(18),
for the convenience of the solution, which does not
affect the final result, the heat problem is written with respect
to the reduced function 7{r, z) = 7(r, z)* + (q, / A)z, where
T*(r, z) is the temperature function, corresponding
to the initial experiment when the heat flow enters
the sample through its end (07"/ 0z) | =g ).
Furthermore, it is assumed that the flow does not go
(0T /0z|._,=0, 0<r<R), and the transfer of heat by
radiation through the crack can be neglected, which is
true for not too high temperatures.

A similar problem in the presence of only
mechanical loads and only surface temperature of the
crack was studied by Sneddon and by Sheil, respectively.
Borodachev considered both cases in the original setting,
generalizing at the same time the dependences reported
by Goodyear and Florence as well as those of Sneddon
and Lovengrub [20, 31, 32]. Below is a different approach
to solve the problem that is more rational from the point
of view of the generality of the results obtained.

Let us introduce the thermoelastic potential of
displacements @(r, z) by the following relations [33]:

(e(r,z) =AD(r,z)). (19)

If we substitute (9) in (7) and then (8) into the
obtained relation, then equalities (7)—(9) can be written
in displacements:

ALyt e 2V, O,

r 1— 2V 8r 1—2V a]" (20)
aw L e 2xv), oL _,

1-2voz  1-2v oz

Substituting relation (19) into (20) and integrating
the first of them over r and the second over z, we find the
following equation:

(1+v)o

AD(r,z)=—LT(r,z). 21

If any particular solution of (21) is found, then
strains and stresses can be calculated based on this
solution as follows:

s _ach,g 100 5 oD - D 22)
Tt " ror Zzﬁz’ o oréz’
_ 2
r r or
(23)
2 2
Gzz 2G aCD_Aq) G,z=2Ga(D
oz’ oroz
In the Hankel expression
D(E,2) = [ 1], (Er)D(r, 2)dr,
0
T(8,2) = [ 1, (&N T (r, 2)dr (24)
0

the general solutions of (15) and (21) have the following
forms, respectively:

T(&,z) = T(%,0)exp(-E2), (25)
6(& z) =
oz (I+v) = B
ch 6= (£,0) p aTT(é,m}exp( &2). (26)

The unknown functions of & entering into (26) are
found from boundary conditions (11) and (13) and from

relations (19) for W (& z)=dT (& z)/dz. This leads to a
dual integral equation

[e@J,@&)de=h(r), 0<r<R,
; @7)
[ 7@, E&de=0,r>R

where the following labels are made:

Toukue xuMmudeckue TexHosoruu = Fine Chemical Technologies. 2021;16(6):526-540

532



Eduard M. Kartashov

7(©)= %VEZ (£.0)+ (1 +v)a, T(E,0)
1-v @8)
h(r)= —TG +(1+v)a,T(r), 0<r<R

here, T (r) = T (r, 0). The author of this article has
previously developed extensive tables of dual integral
equations and paired summation series [34]. We find
from the tables the solution of the dual integral (27):

2% . y (y)dy
= d

where from (28), we find in the space of originals

gzz(r,o):
_ 2G| ndn yh(y)dy <1+v)aT
n(l—v)!.. (r “J -v) 7(,0)- (30)

Relation (30) refers to the case when either the
temperature (then at » > R, the value is 0T/ 62|Z:0 =0),
or heat flow is set.

According to Irwin [18], the asymptotic behavior
of the voltage o.. in the region of the circular crack is
expressed as

B K(o,R)

[Eﬂ (r, 0)1% 0B

, >R, (31)

where K(o, R) is the stress intensity factor, i.e., parameter
reflecting the redistribution of stresses in the body due to
the presence of a crack:

K(0.R)=1im,_, .y 20— B) [ 5=(r,0) . (32)

In (30), we sequentially consider the cases of
only mechanical loading at a constant test temperature
(T(r) = 0) and only thermal loading in the absence of
mechanical stress. From (32) in the first case, we have
K™ =(2/m)ov/R, and from relation (31), the maximum
tensile stress in the vicinity of a circular crack, attained
in the plane of the crack, is expressed as follows:

ov2R

[E;M) (r,O)]max - (33)

Direct experiments by IR spectroscopy to
measure stresses on individual chemical bonds for

solid polymers [18] showed that as the crack front
approaches the maximum stress bonds, the load increases
up to a certain value, after which it remains constant and
exceeds the average stress on bonds in sample volume
by several orders of magnitude. Such bonds are highly
deformed and break in the first place. Their rupture is due
to the stress applied to the bond, which is spaced from
the crack tip at the distance of its fluctuation advance.
Thus, the sought local stress in the vicinity of a circular
crack can be written as oy, = (2 /m)sy/R/ % , but in the
final form, it is expressed as follows:

Sy = OB(R)JR/ R, . (34)

where R = R(¢) is the variable radius of the growing
crack, 2R is the diameter of the initial (in the sample)
circular microcrack, and B(R,) is the stress concentration
factor for an internal circular crack defined as

B(R,)=0.5\R,/\. (35)

In experiments on creep (o = const) [18], it was
shown that the coefficient B practically does not change
during the lifetime of the sample and is determined only
by the initial dimensions of the defect in the sample.
From (35), we find an estimate of the diameter of the
initial microcrack in polymer fibers:

R, = 4AB*. (36)

According to [18], for oriented fibers (e.g.,
polyethylene, polypropylene, and polycaproamide)
L=4 A, B=4-7, the value from (36) is the radius of
the initial microcrack R, = (10*-1077) m, which is
experimentally confirmed.

Let us further find the local stress with only thermal
loading in the modes (15)—(18), for which it is necessary
to find the value 7{(r, 0). In the Hankel expression (24),
the solution of (15) with boundary conditions (16)—(18)
is reduced to a dual integral equation:

Téz‘] V(ENT(E,0)dE =—(Ay/qy), O<r<R
‘2’ 37)
[er,enTE0de =0, r>R
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where, according to the tables in [34], we find the

equation ET(&,0) = —(2¢, / T )_[nsm nédn, as well as the
original

T(r,0)=—(2q; / I )R> =y, 0<r<R. (38)

As a result, from (30)

[Eg ‘(r, 0)} = A{ \/IZ(RI)QZ I H () dn} >R, (39)
m 2R 14
2
H(n) = j y—"yz dy, 4=—2E%4r (40)
n-y T (1=v)A;

From (32) and (39)—(40), we find K™ = (4 / 2)R*? and,
at the same time, the desired local stress in the vicinity of
a circular crack under thermal loading of the sample in
the framework of the thermal problems (15)—(18):

o = 0B(R)(R/ R, (41)
o =TI Bk =05V, “2)

The resulting ratio for ¢ in (42) is a fundamental
result for the theory of thermal destruction of
polymer fibers: o is a mechanical analog of thermal
loading and connects the thermophysical, elastic, and
structural characteristics of polymers, which makes
it possible to trace the influence of each factor on the
thermal reaction of a polymer material from the initial
circular microcrack. As the temperature 7, included
in (5), we take the average integral temperature in
the ring R < r < R + A with a fluctuation increase in
the radius of the circular crack by A. This gives the
following estimate for the value of T';:

_24B(R). )
t )\‘T

Here, as well as in (42), the relationship between the
macro- and microparameters and their influence on the
thermal state of the polymer material in the vicinity of
the circular crack is traced.

Thus, all quantities included in (5) and (6) have
been calculated, which makes it possible to describe
the thermokinetics of the growth of a circular crack in
polymer fibers and calculate the corresponding durability,
both under mechanical and thermal loads.

To complete the solution of the thermoelastic
problems (7)—(18), it is necessary to return to boundary
condition (12). Since the stresses ¢ (7, z) determined in
(23) using the thermoelastic potential may not satisty
condition (12), then solution of (20) should be imposed
on the resulting solution at 7= 0 so that condition (12) is
satisfied. To do this, we use the Love movement function
L(r, z) as follows [1]:

UL L.

(1-2v) oroz
__1 _oarZL|s _
_(l—2v)|: (1-v)AL P }e AL_,(L,=0L/0z) (44)
- 26 0 [ ] )
G = -

(1-2v) oz
= 2G 0 ( 1aL)
Ogp = -

(1-2v) oz ror

T (45)

= 2G 0
Oz ="—"7"T"T—

(1-2v) oz ( j
= 2G 3 [ o’L ]
G =

(1 2v) or oz’ J

Moreover, the function L(r, z) is in accordance with
the biharmonic equation as follows:

ANL(r,z)=0, r>0, z>0. (46)

If the function L(r, z) is defined, then the total
stresses amount to the following equation:

0, (r,2) =03 (r, 2) +0(r,2), (irj = 1,0,2) (47)

Inthis case, the movements are always unambiguous.
Using the above relations, let us calculate 6 (7, 0):

0r(r,0) = j {

where

j (n)sin n&dn}J (rE)dE,  (48)

yh(y)dy

() = I —

h(r)=- U G )G+(1+v)a T(r,0).
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If the following condition is required

0 (,2)|._y=~0(r,0), r 20, (50)

0-(r,2)|_,=0, r>0, (51)

then all boundary conditions (11)—(14) will be satisfied.
In the Hankel expression, the bounded solution to
(44) has the following form:

L(&2) =] 4(&) + B(&)z |exp(-&2). (52)

To determine the constants in (52) from boundary
conditions (50)—(51), we write the following equations
using (45) and (52):

6-(r,z)=
- z)jamz){ LLED e z)}d& (53)
ZZ(;»,Z):
- 5] 26 [es,0r a)[a >d32§’”—(2—v>de2’Z)}da. (54)
Equations (51), (52), and (54) give
- 1-2
e --"2Fe), (55)

Equations (49), (50), (52), and (53) give:

(12)

B(©)= i

I(p(n) sinnédn, (56)

which concludes in finding the desired solution for

(M-(18).

MAIN PARAMETERS, LIMITING
CHARACTERISTICS AND DURABILITY
UNDER THERMAL STRESS

Thermofluctuation processes of destruction at the
atomic—molecular level are described using the model
of weakly coupled harmonic oscillators, where the
elementary act of destruction is interpreted as a classical
transition through a potential barrier. At the atomic—
molecular model, taking into account the frequencies of
rupture and restoration of chemical bonds at the crack
tip, the average rate of crack growth is described by the
following expression [1]:

v(l,6",T,...) =2\, exp{ M( —GZ)}, (57)

where A is the fluctuation crack propagation upon
breaking one or a group of bonds; v, is the frequency
of thermal vibrations of the kinetic units involved
in breaking and restoring bonds (v, ~ 1077 s7'); k is
Boltzmann’s constant; U = U, — ¢7, is the activation
energy of the destruction process, which linearly
decreases with increasing temperature; U, is the
fracture activation energy extrapolated to absolute
zero; q is the coefficient of temperature dependence
of activation energy (for polymer (organic) glasses
g ~15-20 J/(mol'K); and o, is the thermal fluctuation
fracture threshold (safe overvoltage at the crack
tip). For stresses ¢ that are not too close to and do
not exceed the safe critical intensities (6, <o <o),
respectively, the probability of bond recovery at the
crack tip is negligible compared to the probability of
their breaking. If we neglect the bond recombination
process in the vicinity of the crack tip, the rate of its
growth will take on a simpler form:

U—K%}
—a 0] (58)

Mo T =k eXp{_ kT(1,t)
t\bs

In our case, we have

V(R,0,.,,T) =Ly, ex —%
O (7)o L) = AV, €XP T 5 (59)
t

where all basic values are calculated. Calculating
integral (6), we obtain the desired expression for the
durability T = 1.+ t_ under purely thermal loading of
a specimen with an internal circular crack within the
thermal models (15)—(18):

_ 2R, exp(—q/ k) exp U, —V,Bo; "
3,00, kT,

t

(60)
+2.63R"\/p/ E(1-4)B>/ R"),

where o = V. / kT, Several important parameters and
limiting characteristics of the fracture process should
also be added to these ratios. The characteristic of o
corresponds to the voltage at which a sharp rise in the life
isotherm curve is experimentally observed to the region
of arbitrarily long-time values. In the kinetic theory, this
quantity is introduced by the following relation:
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c,=0a/(Br,), (61)

where o is the free surface energy of material (in a
vacuum) and A_ is the pre-breaking bond lengthening.
The value from (61) is the safe voltage. It should be
emphasized that the question of the existence of a safe
stress has been controversial for many decades. Only
recently when investigating the true meaning of the
Griffith energy criterion for brittle polymers, this article
has shown [35] that the value o coincides with the
Griffith (safe) fracture threshold for a disk-shaped crack:

% 2R, 1V

Critical stress is expressed as follows:

_U,—qT

Ou VB (63)

The main external factor causing the growth of a
crack at a rate (59) is the heat load with power g, which
is one of the stress components in (42). Relationships
(61) and (62) (at 7= T,) determine the range of stresses
from safe o\ to critical G(TC'), which makes it possible
to identify the corresponding values of external thermal

stress from safe (64) to critical (65):

3630, [(1=v)a,
0) T s 3/2
= R 64
T oy (1+v)E (64)

@ _12A =) VAU, —qT) R . (65)
qr = 0
o EV,

Thus, the reduced interval of external thermal
loading (¢%,¢\") determines the time dependence of
strength (60). For values ¢, >¢'"(c; >6%") the time
dependence (60) ceases to be fulfilled, and the crack
grows with a maximum speed v_. The latter means that
the dependence (Igt, o) or (Igt, ¢,) is parallel to the
stress axis o or the heat load axis ¢,.

Figure 2 shows the curve of durability for a sample
in the form of a monofilament made of organic glass,
which was calculated from the following obtained ratios:
0, =39-107 J/m? o, = 8-10° grad™', A, = 0.197 W/(m-K),
v, =107 s, A=12-10"* pm, ¥ =210 W/mm?,

¢t = 1700 W/mm2, R, = 10" m, U, = 133 kJ/mol,
B=9,¢=8.2J/(mol'K), V.= 14102 m’, R* = 10" m,
v, =800 m/s, E=3.93-10° N/m?, p = 1.2-10° kg/m’,
o, =21 MPa, and 6 = 168 MPa.

lgT, s

12 -

Fig. 2. Life curve for the plexiglass
monofilament sample.

The resulting curve gives a clear idea of the possibility
of predicting the time dependence of the ‘“thermal”
durability of a sample under its thermal loading within the
framework of the above thermal model. The calculated
relations of dependence (60) contain a complex of
physicomechanical, thermophysical, and structural
characteristics of a material with a crack, which makes
it possible to evaluate their individual influence on the
thermokinetics of crack growth and possible control of
the process of thermal destruction. Similarly, one can
consider other cases of thermal loading of a polymer
sample with an internal circular crack, as well as more
general ones, when thermal fields are simultaneously
coupled with fields of different physical nature,
including relaxation processes at the initial stages of heat
propagation [36].

CONCLUSIONS

Modern structural and functional polymer materials,
which are a set of micro- or nanostructures, have unique
mechanical and thermophysical properties that allow
them to be used in structures subject to various external
influences. An important stage in the creation and use
of these materials is the development of appropriate
mathematical models to describe their behavior in a wide
range of changes in the presence of external operating
factors. First, this refers to models describing the
thermokinetics of the process of destruction of polymer
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materials (in particular, polymer fibers) caused by the
interaction of intense heat fluxes with solids: heating of
materials by plasma flows, laser, or electron beams.

The mutual influence of micro- and macrostages
of the process of destruction of polymer materials
is mathematically described, its main parameters
and limiting characteristics are determined, and a
relationship is established between molecular constants
characterizing the structure of a material and those
characterizing macroscopic characteristics of strength. A
generalized structural-kinetic theory of the destruction
of polymer fibers under purely thermal action on cracked
specimens is presented. The developed theoretical
concepts of the thermokinetics of the process of thermal
destruction of polymer fibers from the standpoint of
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