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PaccmompeHrbl npakmuuecku 80a2KHble 3a0aul. HECMAUUOHAPHOU MmensionpogsooHoCcmu Ot 2unep-
b6onuueckux modenetli neperoca. Pazsum aHanumuueckuil nooxod, OCHOBAHHbLLL HA KOHMYPHOM
UHMeZPUPOBAHUL ONEPAUUOHHBLX peuleHUll 2unepbosuueckux mooesneil, NpueoosUUL K HOBbLM UH-
mezpasibHbIM COOMHOUEHUSIM, YOOOHbIM OISl UUC/IeHHbIX sKcnepumermos. TlokasaHa sxkeusaieHm-
HOCMb HOBbLX (PYHKUUOHANBHBIX KOHCMPYKUULL U U3BECMHBLIX AHOAAUMUUECKUX peuleHUli 0aHH020
rnacca 3adau. Ha ocHoge nonyueHHbIX COOMHOULEHUT ONUCaH 801HO80TL xapaKkmep HeCcmayuoHAap-
HOTI menionpo8oOHOCMU C YUemom KOHEeUHOU CKOPOCMU PACNPOCMPAHEHUSL Menjlombl;, PACCUUMAHbL
cKauku Ha ¢hpoHme mensogoil 8oHbl. IIpediorxeHHbL nodxo0 daem aghchekmuesHble pe3yibmambl
npu uccnedo8aHUU mensogoil pearkyuu Ha Haz2pes unu oxaaxcoerue obiacmeil, 02paHuUeHHbLX USHY-
mpu NIOCKOTL NOBEPXHOCMBIO, UO0 YUNUHOPUUECKOL NOI0CMbI0, OO0 cheputeckoli noeepxHOCMbHO.

Knroueesvle cnoea: HecmayuoHapHast menjlonpoeoduocmb, KOHeuHasi CKopocmb pacnpo-
cmpaHeHust merJjiomsl, Ho8ble dDOprL aHaiumuuecKux peweHqu.

ANALYTICAL SOLUTIONS OF HYPERBOLIC MODELS OF NON-STATIONARY
HEAT CONDUCTION

E.M. Kartashov

Moscow Technological University (M.V. Lomonosov Institute of Fine Chemical Technologies),
Moscow 119571, Russia
@ Corresponding author e-mail: kartashov@mitht.ru

Practically important problems of non-stationary heat conduction for hyperbolic transport models
are considered. An analytical approach based on contour integration of operational solutions of
hyperbolic models is developed. This leads to new integral relationships convenient for numerical
experiments. The equivalence of new functional constructions and known analytical solutions of
this class of problems is shown. On the basis of the obtained relations, the wave character of
the nonstationary thermal conductivity is described taking into account the finite velocity of heat
propagation. The jumps at the front of the heat wave are calculated. The proposed approach
gives effective results when studying the thermal reaction to heating or cooling regions bounded
from within by a flat surface, either a cylindrical cavity or a spherical surface.

Keywords: non-stationary heat conductivity, finite rate of heat propagation, new forms of
analytical solutions.
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AHaAHTHYECKHE PEILIEHHS FHNEPOOAHYECKHX MOoAeAeH HECTALIHOHAPHOH TEIAONPOBOAHOCTH

BBenenune

TeOpI/Iﬂ nponeccoB nepeHoca B CUCTEMAX
Q={M(x,y,2)eD=D+S,t>0| , He HAXONMNUXCA B
COCTOAHHUU TCPMOJUHAMHNYCCKOIO paBHOBECHUA, 005b-
CAUHACT TAaKUC pa3HOO6pa3HBIe SABJICHUS, KaK TCIIIO0-

— oS (M,1) L], — ,
Ji(M,t):L§r>%+z LX,(M,)+L,

k=1

rae X,(M,f)— TepMOIMHAMHYCCKHIE IBHKYIIAC CHITBI
(TpagWeHT TeMIlepaTypbl, KOHILEHTpamus W 1p.),
L”,L,,L, —nocTosHHble (PEHOMEHOJIOTUYECKHE KOD(-
¢bunuents nepenoca (L, =L,;). Ecau npenedpeds mpo-
M3BOTHOH ITO BPEMEHH OT IBMKYIIEH CHIIBI U TTOJIOKUTH
7(M ,0) :(}(M ,1) (BEKTOp IUIOTHOCTH TEIUIOBOTO TOTO-
Ka), Z(M , ) =qradT(M,t) (T(M,t) — Temmeparypa),

L, =—A (remonpoBoxHocts), L =0, 10 (1) mpuso-

oT (M .t
oT(M,1) _ aAT (M, 1)+
cit cp

FiM,t), MeDit>0

H COOTESTCTEVIOIMHM 114 (1) KpacBEIM 3aJadaM C Ha-
TATEHEIM H IDAHHTHEIM VCIIOBHEM:

T(M,1)|,_,=D,(M),M e D, 3

5 STLD | 5 (M 1y = pap(M 1M € S,1>0. (4)

3mece D — xoHEYHAS MIH TACTHTHO OTPAHHIEHHAT
BRIIVETAA obDmacTs wsMeHeHHa M (x, y,z), S —sycom-
HO-TIAOKAA IIOBEPXHOCTE, OTPAHHTHEAFOMAA OOIACTB
D. n— BHemHAL HOPMATE K S (BEKTOp, HENPEPHIBHEBIH B
Toukax 5),0=(M & D,t >0)— gumHEgpHYecKas 00IacTh
B dazopoM mpocTpascTee (X, V. 2,!) ¢ ocHoBammeM ) npH
t = 0. Bxogammue B (2)+4) napaMeTpsl — TemwrohHHTe-
CEHE XAPAKTEPHCTHEH CPEB], [MOCTOAHHEIE BEIHTHHEL B
HHTEpPEATe TEMIEPATYP. He BEIXOTAIIHX 3a TOUKH Iepe-
xoma [2, 3]. Kpaeeste dvarumn B (2)(4) npusamiesar
KIaccy (yEEIHEi

F(M, 1) e C(Q).®,(M)e C(Q),p(M,1) e C'(Sxi >0),
HCHKOMOC DCIICHHS
T(M 6y e CHQ) A C(Q), grad,, T(M 1) e C°(Q), B + 52 > 0.

Hecmorps Ha HewoTOphle NApagoKChl IIPH HC-
NOIB30BAHHH MOINEIBHEXX IpencraeneHHi (2)—4) (oT-
CYTCTEHE HHEPIHOHHOCTH IIPOLECCa TEILIONPOBOIHO-
cTH B 3akoHe Oypre H, KAk CIeICTBHE, BEITEKAFOIIHI
H3 AHATHTHIECKHX pemmeHHd Momenei (2)+(4) Bmmog
0 DEecKOHEeIHOH CKOPOCTH PaclpOCTPaHeHHS TeILIo-

0X, (M 1)
o

MPOBOJHOCTH, TUD(PY3HUI0, STEKTPONPOBOJTHOCT, MO~
[JIOII[EHUE 3BYKOBBIX BOJIH H JIP.

Jnst oTHX SIBJICHWH TEpPMOJIMHAMHKA HEOOpaTHMBIX
POIIECCOB OCHOBAaHA HA 000OIICHHON CHCTEME YpaBHEHHIA
Omnsarepa Uil TIOTOKOB CyOCTaHIIHIA Z(M ,t) (TEIIoTHI,
MAacCChI ¥ JIp.), UIMEIOIIIEH JUIsl U30TPOIHOU cperbl Bu [1]:

(1)

JUT K JIMHEHHOMY TPaJUEHTHOMY COOTHOIICHUID Dy-
pwe q(M 1) =—AqradT (M ,t)— HUCTOpHYECKH Haunbomee
pacrpocTpaHeHHON Ha MPaKTHKE MOJEIN TEIUIONPOBO-
JHOCTH B HemedopMHpyeMbIX TBEpABIX Teiax. Bmecre
C YpaBHEHHUEM SHEPTUH ISl H30TPOITHBIX TBEPBIX TEII C
oT(M,t)
cp—————==
Ot
JIUT K YPaBHEHUIO MapabOIuIeCcKOro THIA JJTs HECTAllH-
OHAPHOTO TEIUTONEPEHOCA BH/IA:

—divg(M ,t)+ F (M ,t) 3aK0H ®ypre npuBo-

@)

THI; CHHTVIEPHBIH XAPakIep TEIUIOBOIC IOTOKA H CHO-
POCTH OBHMKCHHA H3OTepM B obmacTH x >0,f>0 mpH
x>0t »0) mocmegHes He oTpaHHTIHBAsT 0bIacTh
TpHMeHeHHA KpacBeix 3aaaT (2)—{4) xak mpemeT mpak-
THYECKH HeoDO3pHMOTD THCTA HCCTeTOBAHHH, OXBATEI-
BAIOTITHX BCE HOBEIE COMEPAATEIbHEIE MaTeMaTHISCKHE
0DBEKTEI H BCe DOIbIIee THCIO CAMBIX PAIHOODPAIHEIN
AHATHTHICCKHE MeToZoE [2], Zarompx To9HEIe pelneHHd
samax (2)+4). B To me epemaA caemyeT 3aMeTHTE, 4TO B
pAIe CIVIAcE CYINECTEYIOT PEealbHEIE IIPOIECCEl, HME-
IOIMHE TaK Ha3kBacMble (POHTOBLIE TIOBEPXHOCTH, TIPH
TMepexofe Tepe3 KOTOphIe TEMIIEpaTypHad QVHEITHA H e
TPOH3BOTHAR HMEI0T pa3pele. | akHe GVHEIHE OMHCHIBA-
IOTCA AHATHTHIECKHMH PETEHHAMH KPAacBhIX 3a0aqT JTa
vpaBHeHHA rHOepoommaeckoro THna [3]. [Tomaras & (1)
J(M,ty=g(M.,1). [ =—¢ L, =—4,L, =0, IPHXOTHM K
obobmerHOMY 3aKOHY TIEPeHOCA Ha YPOBHE JNIeMeHTap-
HEIX AKTOB
G(M 1) = —AqradT(M 1) — 7, 2401 )
VIHTEEANITHX KOHSTHYIO CKOPOCTE PacOpocTpaHeHHA
TEILTOTEL

Ha meobxoguMoOCTE VIeTA BIHAHHA OrPaHHISH-
HOCTH CEOPOCTH HepeHOca (TeIIOTEL, MACCHE]) BISPEEIS
OBITO YKAZAHO B TeopHH razomaHamuiH [[x Maxcsen-
oM, B TeopHH Maccoobmena A B. JlemmoBelM, B TeOpHE
TemmonpoeoaHocTH Karttaneo u BepHoTtToM (CcCBUIKH B
[4]). AeTopm mpegmoXEEIH MOTHQHIHPOBATE COOTHO-
menue Pypre PHeCceHHeM NONPABKH HA BEIHIHHY CO-
KPAIICHEA TEMIOBOrO NOTORA r.8q/dt- 00YCIORIEHHO-
IO 2AIepPEKOH BO EPeMeHH OPOLecca Nepelatis KBaHTa
IHEPTHH HA MHEPOVDOBHE OTHOCHTETBHO MOMEHTA €0
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MOJTYYEHHS OT SIEMEHTAapHOTO 00beMa Tela K COCEAHUM
5eMeHTaM. 3a BPEMs OTOM 3a/IEPIKKH T, — BPEMS TEILIO-
BOW pelakcaluy — TPOUCXOOUT YMEHBIIEHHE MOTOKa
TEIUIOBOW HHEPrHM Ha yKa3aHHYIO Belu4uHy. [losTomy
T_ SBIISIETCS MEPOH MHEPLMH TEIUIOBOTO MOTOKA U CBS-
3aHO CO CKOPOCTBIO PACHPOCTPAHEHUS TEIUIOTHI COOTHO-
MICHHEM V, =./a/7, (a — TeMImepaTypornpoBOIHOCTD).
CootHouenue (5) MONy4nsIo Ha3BaHue: runoresa Max-
ceemna-Karraneo-JIvikoBa-Beprotra. [locnennee Obu10
MIPOBEPEHO IKCIEPUMEHTANBHO. Tak, pe3ysbraTsl Hccie-

&*T(M.,1) _Ll oF (M 1)

T(M
- ( ‘r) —a Ap? =
ot oo ol

ot

=+

AT(M ,0)-1,

H COOTBETCTEYVIOIIHM KPAcBhIM 3aIadaM TeIUIOMPOBO-
JHOCTH 0b0DIMeHHOr0 BHAA. He OCTaHABIHBAACH IIOO-
pobHO HA TemNOQHIHIECKHX MPONECCAX, CBAIAHHEIX C
vpaeHeHHeM (6) (mogpobuocta B [3]), 3aMeTHM. 9TO K
HX THCIY OTHOCATCA BEICOKOHHTEHCHBHBEIE HECTAITHO-
HApHEIE [IPOIECcCHl, BEPeMi MPOTEKAHHA KOTOPEIX COIO-
CTAaBHMO C BpeMeHeM peiakcamui T. Hamprmuep. npm
HArpeBe MeTAIOB KOPOTHKHMH 1a3ePHBIME HMITYIIbCAME
(IIHTEIBHOCTEED OT HAHO- 40 EMTOCEKYH); IPOIIECCEl
HarpeBaHHA IIPH TPEHHH C BEICOKOH CKOPOCTRIO IIPH Te-
[IOBOM VIAPE; TOKATBHOM HArpeBe IPH THHAMHTE CHOM
PAcIpOCTPAHEHHH TPEITHHEL B OKOTO3IEVEOBOM DEekHMe
H gpyrae mponecckl. ObobmeHHBIE 3agagH mepeHOCA
I14 YpaEHeHHA (0) 3HaUHTENEHO OTIHYAROTCA OT KIAC-
cuueckux (2)—(4), sBmaace Doxee CAMKHBEIMH IIpPH Ha-
XOMIEHHH AHATHTHIECKHX PelleHEH >THx 3agad. Otcro-
I3 — BECHMA HEIHATHTEIBHEIE VCIEXH B HAXOMICHHH HX
TOYHEIX AHATMHTHIECKHY PEMICHHE H B OCHOBHOM JUIT 9a-
CTHYHO OTPAHHTIEHHEX 00IacTefi IPH HYTeBEX HATalh-
HEIX VCIOBHAX H NOCTOAHHEIX TPAHHTHEIX (B OCHOEHOM
nepeoro poga). Jo cHX mop He HAAISHE! TOTHEIS AHATH-
THUECEKHE PelIeHHA ETOPoil, TpeThed H CMeMaHHLIX Kpa-
SBEIX 3449 And oDmacTeH KAHOHHYECKOro THOA (IIma-
CTHHA, IHIHEIP CILTOMIHOH HITH NOIENH, ap CIUIOMHOH
HITH [OIEDE, Tela KTHHOBHAHOH dopyel B T.0.). OoHO H3
ODBACHEHHH 3TOr0 (aKTa B TOM, 9TC [UIA TAKOIO POIa
CIIVIAEE COOTEEICTBYIONIHE CIEKIPATNBHEIE 3a0aTH pe-
IIeHE! OBITE HE MOTYT, A, 3HATHT, He MOTYT DBEITE IpHME-
HEeHEl PaipaboTAHHEIE Ha OCHOBE DElIeHHS 3THX 3a1ad
Tabmsme Kapramoea [2] maTerpamssex npeodpazoea-

O _ 0L _ 2T 0450
o e e

(i=1.2.3)

I(z.0)

=1,z 20,

T(z1)], =Tt >0,

JOBaHUH TEPMHIECKUX MTEPEXOIHBIX IIPOIIECCOB B paMKax
runotessl (5), MpoBEJACHHBIX B paboTax Xepsura u be-
kepra [5], mo 3apeructpupoBaHHOMY MuUTpa ¢ coTp. Tep-
MHYECKOMY MEePEXOAHOMY MPOLIECCY B PsJie TBEPABIX Tell,
TIOATBEPIIUIA PEATbHOCTD SBICHHS TEIUIOBOM perakca-
uun. KupcanoB FO.A. ¢ coTp. dKCIIepUMEHTANIBHO U3Me-
puiu Bpewms teruioBoil penakcaruu [IMMA: 7, =2,4c¢. [4]
(no3xe BenuuMHa . Obuta yTounena: 7, = (1,48+0,15)c.).
VYpaBHeHue SHEpPTUM W COOTHoIIeHuE (5) MPUBOAST K
YpaBHEHUIO MEePEeHOCca TUIIEPOOTHMYECKOTO TUTIA!

I
—F(M,
- (M,1) (6)

Hul @yppe-XaHKels ¢ yIyqIlIeHueM CXOAUMOCTH PsIIOB
JI0 aOCONFOTHOW M PaBHOMEPHOW BIUIOTH IO TPaHHIIBI
00JIaCTH B aHAJTMTUYECKUX pelleHusx 3aaad. CyiecTBy-
T elIe OfHA OCOOCHHOCTh YKAa3aHHOTO KJIACCa MOJIEIIb-
HBIX NpeAcTaBieHnd. VMeromas MecTo rpoMO3AKOCTh
B AHAJMTHYECKOM 3amiCH HaWJIeHHBIX paHee orepa-
[IMOHHBIM METOAOM pELICHUH I Psiia MPaKTHYECKUX
CIly4aeB MOXET OBITh CYIICCTBEHHO YIPOIICHA 32 CUET
CHelHaIbHbIX NpeoOpa3oBaHUM, NIPUBOJAILIMX K HOBBIM
AHAJIMTUICCKUM COOTHOIICHHUAM, HCU3BECTHBIM pPaHEEC.
OTUM BOIIpOCaM MOCBALICHA HACTOSILIAS TyOIMKaLIUs.

HoBrble cooTHOMIEHNS ISl AHAJTUTHYECKHX
pelieHuii runepooJIMIecKNX Mojiesiel nmepeHoca

[Ipennaraemplii MOAXOA PAcCMOTPUM Ha IpUME-
pe HarpeBa OIHOPOJHOTO U30TPOMHOTO CTepxkHs Z > 0,
MepPBOHAYAIFHO HAXOJSIIETOCs MPH HadalbHOHN TeMmIe-
parype 7. ['pannuHas NOBEPXHOCTH CTEPXkHs Z = 0 mpu
¢t > (0 HAXOMUTCS B YCIIOBHAX JINOO TEMIIEPaTypHOTO Ha-
rpesa Temreparypel 1. (TEMIIEPATYPHOE MMOJIE CTEPIKHS
T\(z,1)), mn60 TENIOBOrO HAarpeBa MOTOKOM TETLIOTHI ¢,
(remneparypHoe none crepxus 1,(z,f)), 1100 Harpesa
cpenoil temneparypsl 7, (TemMIiepaTypHoe moje CTepiKHs
T,(z,1)). OTu ciy4au JUisl yKa3aHHOM 00JIaCTH MPEICTaB-
JSTFOT TIPAKTUYECKUH MHTEpPEC B BOIPOCAX HCCIIEIOBA-
HUSl HECTAIIMOHAPHOTO XapakTepa TEIUIOBOTO CJIOS MpHU
Ty3BIPFKOBOM KHIICHHH W TYpOYJICHTHOTO TeIuIomepe-
HOCa C MOMOIIBI0 MOJeNnu npoHukanus [5]. Ilpu 3amu-
CH COOTBETCTBYIOIIUX MOZAEICH HEOOXOAMMO IPHHSATH
BO BHHUMAHUE KOPPEKTHYIO (JOpMyIHPOBKY I'PaHUYHBIX
YCIIOBUH, PACCMOTPEHHBIX aBTOPOM B [6]. COOTBETCTBY-
FOLIUE MOJIENIA UMEFOT BUJI:

)

(&)

)

Toukme xumudeckue TexHororuu / Fine Chemical Technologies 2018 Tom 13 No 2 83



AHaAHTHYECKHE PEILIEHHS FHNEPOOAHYECKHX MOoAeAeH HECTALIHOHAPHOH TEIAONPOBOAHOCTH

T, f— |
Ljenen] o=ty 1y s =
rr 0 oz rr Jl
| 8T . t— I
_Iﬂ eexp(——L)dr = A (2.0, D—I;]J >0, an
T,y 0z T, -

<, zz2(i=0. Y

B bespasmepHBIX nepeMeHHEIX

ﬂ T,(z.0)-T,

£=— r=tl/r, Bi —h\;ar WAE )= Li=L3)W, (&) =271 (13)
Jat, ' e gonJar, 1 2

samgaqa (/)—(12) mpuHEMasT BHT:
x 2rrr =rar

oW, _oW, _9 "; E50,750(=1,2,3) (14)

dr o0& dr

W) M| 0,620, (15)

or

W, (1) = LT >0, (16)

PO (& T R

0 -

JGH (”rj‘éaexp (r r]ldr-BilW{C r}| :IT}U, (18)

[W.(&.0)| <0, & 20,720, (19)

o

Onepaunonnoe pemenrne saga (14)19) no Jannacy W (£, p) = J W&, riexpl—pr)dr HMeeT BHI.
il

W& p)=f(prexp| =5p(p+1) |. 20)
BT, P i=1,
fp= | p+lip” =2, @1

Bi'\p+1 =3
p(p+Bi'\[p+1)
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Bravane Bocrnosnib3yemcsi M3BECTHBIME cooTHOIIeHUs MU Kapcenoy u Erepa [7] mist 3anucu opurunana (20):

I z b
NN ()
Wis.t)=| filr=E&)exp(=&/ 2)+ (< ;'2}Jj;(’r—r]&:xp[—r .-’2}?1.&’? n{r==~). (22)
s

\."r —£°

rae 7(z) dymxams Xepncaiina, [ (z) momadruaposannas Qyrkms beccens. Oprrarans: msobpaxenni (21) maeroT BEA:

1 i=1,
fi(0)= JEEr) gy Lt <2,
' N Jr(r=1) (23)

1=y, exp(—y,7)— r!lr+rcxp(ylrj¢(ﬁ|ydr i=3,
a(r—1)

rme 7, = (1=Bi" )"y, =1=y,.7, = (1=1)/ Bi',®(2)= yrxma Jlanmaca.
Teneps paccMoTpHM HOBLIE aHATHTHISCKHE (QOpPMEL Iia pemerHa (22)—23).
Bragane B (22) mayunm cayqai 1=1. Hafizem W(S,7), perancaas B (20)~(21) HenmocpeacTeerHo HETerpan

Puuana-Menmuna, vauTEERag, 9T0 H0bpaxenHne (1/ p)exp L—g‘ Jplp+ l}J HMeeT JIBe TOUKH EeTEneHHE p=0mp=-1.
Wnmeen:

i

l — 1 -
EEXP[ wp(ﬂHJ}.—z—m [ p[exppr—fdp(p*l)_ldp (24)

IlogpaTerpameuas ¢yaxunug B (24) VIOBISTEOpPAZET VCIOBHAM TeMMEl JKopIaHo, OTCIOOA NPHMeHTd JI4 ITOTO
CITy9ad H3BECTHEIE IPHEMEI BEIMHCISHHA KOHTYPHEX HHTETPATIOE C JEYMA TOTKAMH BeTBIeHHA 2], Haxommuw:

yHi=

1 I — 1|
gy I —exp| pr=cyp(p+ l)Jﬂ'p=l——jexp(—pﬂ
Tl P - Ty

it

sin&fp=p) , 05

Teneps nokazem, a0 pemerne W, (<. 7), B BHOE ABVE pasTHIHEX QYHKITHOHATEHEX dopM

W, (&, 1) =| exp(- fﬂz)+(_f2;jexp( r/2)—

1 in&Jo(l— o)
W(&.r)= l-i_fexp(—pﬂwdﬂ]n(r—é)

TORENECTECHHREL
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Wi r)=|exp(=£/2)+ (& E)Jexp(—r IE)%Q’T nir=£)=
V7 =¢’
(26)
Jﬁ J‘ux(r 2}1( r —f‘jdr. >
{ f[ j-exp{—rJ“Z)f( o =& )dr'ﬂn{r =188 P ‘ "‘I e
B : |
_ lﬂ,r-r:.f.
[Mpomuddepenumpyem obe vactu (26) 1o 7 :
[i[—u{p( -t/ 2)I, {—w'f - ')}r}g: 0 {—cxp(—rf‘E)J( \.é’"—rz}],r};f:
[W,(&,7)] =1 ¢ o&
Or<é& Or<¢&
@n
ol 13 cos &/ p(l— p) (1 =
— | ——|exp(—pr)—F——=—dp |.1><= |~ |exp(—pr)sin{\p(l-p)dp,t > ¢
= 5’é‘| —"IJ; voll-p) ] ff! )
10,7 <& 0.7<¢&

IlporaTerpapyemM obe gacta (27) mo

T)——————dp+C,r=&
W(E,r) = expl(— » prCT>g

j o sinéyp(l=p)
t-
0.r<

£,

rae C — DOCTOAHHAY HETerpHPOBAHHEY. [[19 ee HAXOEZSHHT HCIONBE3VEM, HANPHMED, MPAHHTHO: yeroeHe (16); Haxo-
mam: C = 1. TakaM 0bpazoM, OKOHIATENBHO VCTAHABIHEAEM HOBOE AHAIHTHYECKHE PENICHHE MepEO KpaeBol 3a1a9TH

B (1419) B BHOe:

! in & afl— o)
W,(,7)= l—ijexp{—pﬂwcfp nE=8) 8)
]

Horoe erpamemme goa W, (£, 1) momyamy w3 cregyiomnx coobpaxenni. Mz (200—+21) cregyer:

W,(&, p)==(1/ p)dW,(£, p)/ dE. Orcoma

P iné,/ . .
W,(57)= ijT) jg{[ ——jexp( pr;w@}mr_g)}dr -

H =

i - [ P
I[chp(—pr')ﬂ pcus?ﬂ{l P, }7” £)dr + j‘ll__ exp(—pr )Wﬂ’p]a‘(r'—ﬁ]dr'=
ojpn 1'1"

1

dp, 7> E.

1 - £ pll-
= 1——_[%13{—95) Ij[cxp{—pf}—cxp{—pr}]” pms;.-? P p)

To 0

' siné&yp(1-p) dp+ 1
' P
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3pecs 4(z)-pempta-pyvuruma Jupaka. Taxmv obpazoM, VeTaHABTHEASM HOBOS AHANHTHISCKOS PEIeHHE BTOPOH Kpas-

eoii zanaaa B (14)-(19) & eupe:

! nEd o= 1 _ N
Wi(ef,r)—Jl—%Iﬂxp(—ﬂélwdwiﬂcxp{—pﬂ—cxp(—pr}]”“ pw;i?’ﬂ“ 2) dp}xrr(r—r;")- (29)

l

AHATOrHIHEIME PacCyAICHAIME HAXOTHM HOBOE AHATHTHISCKOE PEIIeHHe TPeThel KpacBoi 3amaqs B (14)19):

—

Wi, r}:J']_lj"-” P B 1-p
o

Bi"(1-p)+p

cxp{—m)(
ki B }'.‘

Ileperie myOmixanse o rHIEpOOMHYECKHM MOZIe-
JIAM [IEpEeH0CA OTHOCATCA K nepHoxy /(-X romos mpommio-
ro croneraa. Artopsl [8—10] mayaams TemIoByIo peakmo
T(zf) vmpyroro momympocTpaHcTEa = > (Lt > 0 mpm Tem-
MEepaTypHOM HATPEeBe €70 IPAHHIE (TPAHHTHEIS YCIOBHA
nepeoro poga). [lozxe g [6] Opur omECcas BOTHOBOH TEILTO-
MEPEHOC IPH HETEHCHEHOM KOHESKTHEHO-KOHTYETHEHOM
Harpese, a B [11] mna BpeMeH. CPABHHMEBIX C BpeMeHEM
penakcamms 7. A B. Jlemoe, npoaHaTH:HpOBaR aHATHTH-
YeCKDe pellleHHe 3AIA9H JI8 VPaBHeHHd (/) IpH TpaHd-
wom yemoemm T(0.1)=T, +[(T, =T) /1, |[t=nl =1,)(t=1,)].
Jan oDOCHOBAHHE (MHIHTeCHOTO CMBICIA KOHSTHOH CHOpPO-
CTH PaclIpoCTPaHeH s TeIUIOTEL, IpeIcTaRIAFomei coDoi

W, i)

1
o ‘?&;
e
r LY

0.E \\‘:‘.\_‘
0If \\.::H*ﬂ

.,

.
0B o
. » e,
o5t M
| o,

o4f i . T,

H AN h“""\-u.
0ar i 1 "-..._h

- = 5 = S —_— v, ~

ozl =05 it=15 Il.—_ﬁ e, T3

! b S,
ol ! i w"""'h;

o | i 1 H ¢
o 05 1 15 2 25 3 35 4 45 5

sin(£yp(l-p) +—

.-I|'_
PNP__costepli-p) |dp}afr—¢). (30)

Bi" (I-p)+p

NPOHIEOJHVIC BO BPEMEHH OT DIVOHHE! [IPOHHEHOBEHHA
Temmotel. Kak clegyer H3 aHATHTHIECKHX peIleHHH
(28)+30). oco0eHHOCTEI MPOLECCA TEIUIOMPOEOIHO-
CTH B paMEAX MaTeMAaTHYeCKHX MOIelneH IId ypae-
Henua (/) ABTAeTCHS BOTHOBOH XapakTep, 9TO BBIpa-
EaeTcAd HATHIHeM CTyIeHTaToH dvEkmmm 7(7-<) B
AHATHTHIECKOM PpeIIeHHH 3agal B mobol mMoMeHT
BPeMEHH CVINECTEYEeT O0IACTE TEmIoBOTro ciefa & <1
H HEBO3MYIIEHHad 00dacTh & > 7. 9TO H IOKA3aHO Ha
puc. 1-3. ITo cymecTy. B Toukax obmacta & €(0,%)
HAXOIAIMHECA Ha PACCTOSHHH OT TPAHHIE DoTee, GeM
£ = 1, H3MeHEeHHE TEMIIEPATYPEl He IPOHCXOIHT, H e
IHAYEHHE PABHO HATAIBHOMY.

W67
ar
E
26
,
b3
e
2§ -
- n,
LY .
. "
.,
r *
1.5, .. "'..HI
.
Nt e,
.
it ~ .
h - '\l\.‘.
", - ™ ~. .L\-“A-..M
06 e ~ o,
" e, - ]

Puc. 2. HaoxpoHa 00/IacTH, paccaHTaHHAA 10 (opnryie (29).

Pmc. 3. Hzoxpona obaacTH, paccuuTanHad no Gopuyme (30).
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Ha moeepxmoctH dpoHTa pacmpocTpaHAROMeH-
C4 BOMHEL £ = T H Ha ()POHTE TeMIIEpParypHBIH IpOQHIb
HMEeT Pa3peIB, 9T0 NPHEBOJHT K 3aJep/EKHBAHHIC OTTOKA
TEIUTIOTE 3a TPAHHIY paspeiEa. Mz pHCVHEOE BHOHO, 9TO
AMIUTHTYIA Pa3phiBa Ha (poHTe BOMHEI OBICTPO 3aTyXacT
€ VBEeIHIeHHEM BpeMeHH [IPOrpeBa, HecMOTPA Ha TO, IT0
TMOCTYTIAKINEE B 0DIACTE TEIUIOBOH TOTOK OT TPAHHITEI
yeemmaueacTcd. Huenno B obmacte 2a dpouToM Temmo-
EOH BOJIHEI B HANPABIEHHH TEeKVIOeH MpOCTPaHCTECHHOH
nmepeMeHHOH HADMIODAaeTcd CYINECTBEHHOE —pa3IHTHE

W(&,7)|. #lim, ., (&, 7). Haxomne ms (22):

A, =lim W (& r)=lim

r—£4+0

= exp(=7/ 2)lim, o, /(1) =exp(-r/D)lim, . p[(p).
Otcroga u u3 (21) mveen:

exp(—r/2),i=12

l‘I“‘J = BE‘
I&‘K[J T .'"2 ,f 3.

Me#IY PEIICHHAMH VPABHSHHH THIepOOIM9YecKoro H -
pabomaTeckoro THIOB: W3 pemerdi (28)1H(30) momyaaem
HAYATEHOS VCIOBHE, a PENICHHA LI NapadboIHIecKoro
VPABHEHHS NIPHEONAT K [VIATKHM PEIISHHTM, CYINECTESH-
HO OOMEIIHM HAYATEHOIO YCIOBHY DBEIMHCIHM CEATOK
TEMIIEPATYPHOIO NPOQHTL Ha (QPOHTE TEIUIOEOH BOMHEL
3aMeTHn. 9TO IPH €r0 BEMHCISHHH CISTVET [IPOABIATE
OCTOPOEHOCTE, VIHIBIEAL CHeIH(HEIECKEH EHI
i VEFIHOHATEHOH KOHCTPYRLUEH (22). KAk ClIeIcTEHe HATHTHA
KOHETHOH CKOPOCTH PACTIPOCTPAHEHHA TEIUIOTEL A HMEHHO:

e[ [ =8 exp(=¢ /1 2)| =exp(=r /) lim,, , f(r=&) =

G1)

IpakTHaeckoe HemoTszoBaHue cootHomerHd (30) u (31) crasano ¢ onenxol enraHEN 5i Ha OCHOBE HOCTeTOBA-
HHY NOTOKA TEIUIOTE HA TPAHHIE 0DIACTH Mo MeTomHEe, paseHTol B [8. 12-13]. Vpaeuenne (3) B obmacty z>0,0>0

npH HagaaeHoM yoaoeHH ¢(2,0)=0,220 gaer:

2 2,0 2
q(z,t)z—ih' exp( v,I}J-ﬂ z, r} \r.|.. T)a".r,
a a iy oz a

a B woopmuHatax (13) (£ 1)

g4(0,7) W'[f 7)
T r}! ]
Haxomen gz (28) (npr 1=1):

aW (&, 7)
o0&

£

N

Cooraomesma (32)—(33) garot:

¥(r) q(0.7)
Av (T =T,)/ a

expf’r')dr'_
=——j-exp(—pr) V! pdp:—%exp(—rfﬁ)[fn(rfl} F1(z/2)].

exp(—r)[exp(r /2)1,(r /1 2)-1]

(32)

(33)

(34)

3aMeTHM. TTO B paMKax KIaccHYeckodl ¢peHomeHomormH $ypee (v, =«) COOTBeICTEYIOINee 3HaUeHHE IOTOKA

TeIUTOTH] Ha Mpauune obmacta £ = 01 = 0) &ymert:

q(0,7) 1

Y= T —1ya mr

(33)
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Ha puic. 4 npuBenieHbI KpUBbIe M3MEHEHHUST PYHKITMIA (34)—
(35) co Bpemenem. Oynkims ‘P(z7) nocruraer B Touke 7 = 2.12
Makcumyma, paBaoro 0.33. Mcxomst u3 aToro, [Utsi BEpXHEro
TperieNa MoToKa TeTIOThI Ha TPAHKIIE MOKHO 3aIHiCaTh:

¥iw)

osk \

04 f \
03
02

0.1

1 1

G =3 2% (T~ T)) (6)

L i 1 L

2 4

G 8 10

Puc. 4. [ToTok TEIUIOTHI HA TPAHUIIC: 3aTyXaOIIas BOJIHA, paccuuTaHHas 1o ¢popmyie (34);
KJIaccuyeckast KpuBast, paccuuTanHas o dpopmyie (35).

Takum 00pa3oM, MaKCUMAIBHBIA TOTOK TETIOTHI
MMeEeT KOHEYHOE 3HayeHHe (B OTIMYMe OT aHAJIIOTWYHOMN
BenmMuMHbl (35) MpH pelieHuH TIepBOM KpacBOW 3aj1auu
st oomactu & >0,7>0) u oH orpaHuveH (pU3NUECKU-
MH CBOHCTBAMH CpEIbl M CKOPOCTBIO PacIpOCTPaHEHHUS
TEIIOThl. Tak KaKk MEXaHW3M TEIUIONpPOBOTHOCTH B (36)
OrPaHUYMBACT KOJMIECTBO TEIUIOTHI, OTBOAUMOMN TIPH BBI-
HY>KIEHHOW KOHBEKLIMH, TO KOHBEKTHBHBIM MOTOK TEILIOTHI
¢, MOIDKEH OBITh MEHBILE MAKCUMAIILHOIO MOTOKa (36), TO
€CTh ¢, <{,,,- OObIMHO ¢ BbIpaxkaetcs kak ¢, = (T, —T)
(o - koapurmentT rermoornayan). Orcrona 1 u3 (36) momny-
qaeM: (T, —T,) < (1/3)Av,(T.-T,)/ a; nepexons Kk Bi'B
(13) naxoaum Bi* < 0,32 . 3aMeTHUM TaKKe, 4TO U3 puc. 4
cireyer, uto it T > 3 dynkuus W (E,7) =D (&/ 2\/;)
Kak pellleHUue aHaJOTMYHOW KIIACCHMYECKOM 3aja4yd Te-
TUTOTIPOBOAHOCTH, TPEACTABISET COO0H Xopoliee Mmpu-
ommkenune. K atomy crnenyer m006aBuTh, 4TO B JaHHOM
CTaThe HE CTABHJICS BOIIPOC O Pa3TpaHUUCHHU BPEMEH-
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